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Abstract
Ge and Lin (2015) proved the existence and the uniqueness of Cauchy comple-
tions of partial metric spaces under symmetric denseness. They asked if every
(nonempty) partial metric space X has a Cauchy completion X¯ such that X
is dense but not symmetrically dense in X¯. In this paper, we construct asym-
metric Cauchy completions for all nonempty partial metric spaces. This gives
a positive answer to the question. We also provide a nonstandard construction
of partial metric completions.
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1. Introduction
Metric spaces are one of the most investigated types of spaces. Whilst all
metric spaces are T1, non-T1 spaces have also been paid attention. In particular,
the study of denotational semantics of programming languages is one of the
sources of non-T1 spaces. In order to deal with such spaces in a similar fashion
to metric spaces, Matthews [1] introduced the notion of partial metric. Roughly
speaking, a partial metric space is a generalised metric space where the self-
distance is not necessarily zero.
Definition 1.1. A partial metric on a set X is a function pX : X ×X → R≥0
that satisfies the following axioms:
(P1) pX (x, x) = pX (x, y) = pX (y, y) =⇒ x = y;
(P2) pX (x, x) ≤ pX (x, y);
(P3) pX (x, y) = pX (y, x);
(P4) pX (x, z) + pX (y, y) ≤ pX (x, y) + pX (y, z).
A set equipped with a partial metric is called a partial metric space.
Email address: timamura@kurims.kyoto-u.ac.jp (Takuma Imamura)
Preprint submitted to Elsevier October 22, 2019
Let X be a partial metric space. For x ∈ X and ε ∈ R+, the open ball of
radius ε and centre x is defined by
Bε (x) := { y ∈ X | pX (x, y) < pX (x, x) + ε } .
The family of all open balls generates a topology on X . We always assume that
X is equipped with the induced topology.
Definition 1.2. Let X be a partial metric space and A a subset of X .
1. A is said to be (topologically) dense in X if for any x ∈ X and for any
ε > 0 there is a y ∈ A such that y ∈ Bε (x).
2. A is said to be symmetrically dense in X if for any x ∈ X and for any
ε > 0 there is a y ∈ A such that x ∈ Bε (y) and y ∈ Bε (x).
Symmetric denseness is stronger than topological denseness. If X is a metric
space, then the conditions “x ∈ Bε (y)” and “y ∈ Bε (x)” are equivalent, so
topological and symmetric denseness coincide.
Definition 1.3. Let X be a partial metric and { xn }n∈N a sequence in X .
1. { xn }n∈N is said to converge to x ∈ X if pX (x, x) = limn→∞ pX (x, xn) =
limn→∞ pX (xn, xn).
2. { xn }n∈N is said to be Cauchy if limn,m→∞ pX (xn, xm) exists and is finite.
The space X is said to be Cauchy complete if every Cauchy sequence converges.
Partial metric convergence is stronger than the usual (topological) one. On
the other hand, partial metric Cauciness is weaker than the usual one.1 If X is
a metric space, convergence and Cauciness defined above are equivalent to the
usual ones.
Definition 1.4. A Cauchy completion of a partial metric space X is a pair(
X¯, i
)
of a Cauchy complete partial metric X¯ and an isometric embedding
i : X → X¯ such that i (X) is (topologically) dense in X¯. The space X¯ itself
is also called a Cauchy completion.
Ge and Lin [3] proved the existence and the uniqueness of Cauchy comple-
tions of partial metric spaces. Actually they proved that every partial metric
space X has a unique (up to isometry) Cauchy completion X¯ in which X is
symmetrically dense. It was open whether the assumption of symmetric dense-
ness in the uniqueness theorem can be weakened to the usual denseness. It
was also open whether every (nonempty) partial metric space X has a Cauchy
completion X¯ such that X is dense but not symmetrically dense in X¯ . Dung
[4] provided an example of complete partial metric spaces having dense but not
symmetrically dense subsets, and negatively answered the first problem.
1The usual Cauciness in partial metric spaces is called 0-Cauciness. This notion was
introduced by Romaguera [2].
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In this paper, we solve the second problem. We first exemplify a very simple
partial metric space that has two different Cauchy completions. We then con-
struct asymmetric Cauchy completions for all nonempty partial metric spaces.
So the second problem is answered affirmatively. This also implies that the as-
sumption of symmetric denseness cannot be weakened to the topological dense-
ness in any cases (except in the trivial case). Thus the first problem is strongly
negative. Finally we treat partial metric completions via nonstandard analysis.
We refer to [5, 1] for basics on partial metrics and [6, 7, 8] for nonstandard
analysis. Nonstandard analysis is used only within Section 4.
2. A partial metric space that has two Cauchy completions
Ge and Lin [3] proved that every partial metric space X has a unique (up
to isometry) Cauchy completion X¯ where X is symmetrically dense. The proof
of the uniqueness theorem depends on the assumption of symmetric denseness.
In fact, there is a counterexample when assuming just topological denseness.
Proposition 2.1. There is a partial metric space that has two Cauchy comple-
tions up to isometry.
Proof. Let X be a one-point space { a } together with a partial metric
pX (a, a) := 0.
Then (X, pX) is Cauchy complete. In other words, (X, p) is a Cauchy completion
of itself.
On the other hand, let Y be a two-point space { a, b } together with a partial
metric
pY (a, a) := 0, pY (a, b) = pY (b, a) = pY (b, b) := 1.
Then (Y, pY ) is also Cauchy complete. Obviously the inclusion map i : (X, p)→
(Y, q) is an isometry. For each y ∈ Y and ε > 0, since pY (y, a) ≤ pY (y, y) <
pY (y, y) + ε, we have a ∈ Bε (y). Hence X is dense in Y . Thus (Y, pY ) is
another Cauchy completion of (X, pX).
Proposition 2.2 (Dung [4]). There exist a partial metric space X and its
Cauchy completion X˜ such that X is not symmetrically dense in X˜.
Proof. Let X and Y be as above. Since pY (a, b) ≥ pY (a, a) + 1, it follows that
b /∈ Bε (a) for any 0 < ε < 1. Thus b witnesses that X is not symmetrically
dense in Y .
3. General construction of asymmetric Cauchy completions
In the proof of Proposition 2.2 the asymmetric Cauchy completion Y of X
is obtained by augmenting X with an extra asymmetric point b. Asymmetric
Cauchy completions of general partial metric spaces can also be obtained in a
similar way.
3
Lemma 3.1. For every nonempty partial metric space X, there exists a partial
metric space Y ⊇ X such that X is dense but not symmetrically dense in Y .
Proof. Fix a base point a ∈ X . Consider a new point (say b) and let Y :=
X ∪ { b }. Define a function pY : Y × Y → R by
pY (x, y) :=


pX (x, y) , x, y ∈ X,
pX (a, y) + 1, x = b, y ∈ X,
pX (x, a) + 1, x ∈ X, y = b,
pX (a, a) + 1, x = y = b.
Clearly pY extends pX . For every ε > 0, since pY (b, a) = pY (b, b) < pY (b, b)+ε,
we have a ∈ Bε (b). Hence X is dense in Y . On the other hand, for any x ∈ X ,
since pY (x, b) = pX (x, a) + 1 ≥ pY (x, x) + 1, it follows that b /∈ Bε (x) for any
0 < ε < 1. Hence X is not symmetrically dense in Y .
We only need to verify that pY is a partial metric.
(P1) Let x, y ∈ Y and suppose that x 6= y. Case 1: x, y ∈ X . Two of pY (x, x),
pY (x, y) and pY (y, y) are different by (P1) for pX . Case 2: x = b and
y ∈ X . Then pY (y, y) = pX (y, y) ≤ pX (a, y) < pX (a, y) + 1 = pY (b, y)
by (P2) and (P3) for pX . Hence pY (y, y) 6= pY (x, y). Case 3: x ∈ X and
y = b. Similarly for Case 2, we have that pY (x, x) 6= pY (x, y). In each
case, two of pY (x, x), pY (x, y) and pY (y, y) are different.
(P2) Let x, y ∈ Y . Case 1: x, y ∈ X . Immediately from (P2) for pX . Case 2:
x = b and y ∈ X . By (P2) for pX , we have that pY (b, b) = pX (a, a)+ 1 ≤
pX (a, y) + 1 ≤ pY (b, y). Hence pY (x, x) ≤ pY (x, y). Case 3: x ∈ X and
y = b. Similarly for the previous case. Case 4: x = y = b. This case is
trivial.
(P3) The definition of pY is symmetric with respect to x and y. So (P3) for pX
implies (P3) for pY .
(P4) Let x, y, z ∈ Y . If x = y, then pY (x, z) + pY (y, y) = pY (y, z) + pY (x, y).
If y = z, then pY (x, z)+pY (y, y) = pY (x, y)+pY (y, z). If x = z, then by
(P2) and (P3) for pY , we have pY (x, z)+pY (y, y) = pY (x, x)+pY (y, y) ≤
pY (x, y) + pY (y, z). Thus we may assume that all of x, y and z are
different. Case 1: x, y, z ∈ X . Immediately from (P4) for pX . Case 2:
x = b and y, z ∈ X . Then, by (P4) for pY ,
pY (x, z) + pY (y, y) = pY (b, z) + pY (y, y)
= pX (a, z) + 1 + pX (y, y)
≤ pX (a, y) + pX (y, z) + 1
= pY (b, y) + pY (y, z)
= pY (x, y) + pY (y, z) .
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Case 3: x ∈ X , y = b and z ∈ X . By (P4) for pY ,
pY (x, z) + pY (y, y) = pX (x, z) + pX (a, a) + 1
≤ pX (x, a) + pX (a, z) + 1
= (pY (x, b)− 1) + (pY (b, z)− 1) + 1
≤ pY (x, b) + pY (b, z)
= pY (x, y) + pY (y, z) .
Case 4: x, y ∈ X and z = b. Similarly for Case 2.
Theorem 3.2. For every nonempty partial metric space X, there exists a
Cauchy completion X˜ of X such that X is not symmetrically dense in X˜.
Proof. By Lemma 3.1 we can construct a partial metric space Y ⊇ X such
that X is dense but not symmetrically dense in Y . By [3, Theorem 2] Y has a
Cauchy completion Y¯ ⊇ Y . Then Y¯ is a Cauchy completion of X in which X
is dense but not symmetrically dense.
Symmetric denseness is invariant under isometry, i.e. if there is an isometry
f : (X,A) → (Y,B), then A is symmetrically dense in X if and only if B is
symmetrically dense in Y . From this fact, we obtain the following corollary.
Corollary 3.3. Every nonempty partial metric space has at least two Cauchy
completions up to isometry.
4. Nonstandard treatment of partial metric completions
It is well-known that the Cauchy completion of a metric space (and of a
uniform space) can be constructed via nonstandard analysis (see Stroyan and
Luxemburg [8, 8.4.28 Theorem] or Hurd and Loeb [6, III.3.17 Theorem]). We
first summarise that construction. Let X be a metric space. Fix a sufficiently
saturated nonstandard extension ∗X of X . For our purpose, we only need to
assume that ∗X is ℵ1-saturated, because X is first-countable. A point x ∈
∗X
is said to be prenearstandard if for each ε ∈ R>0 there exists an xε ∈ X such
that ∗dX (xε, x) < ε, i.e. x ∈
∗Bε (xε). Denote the set of all prenearstandard
points by pns (X). Two points x, y ∈ ∗X are said to be infinitesimally close
(and denoted by x ≈X y) if the distance
∗dX (x, y) is infinitesimal. (In the case
of X = R, we omit the subscript and abbreviate ≈R to ≈.) Then the quotient
set
X¯ := pns (X) / ≈X
equipped with the metric
dX¯ ([x] , [y]) :=
◦
(∗dX (x, y))
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is a Cauchy completion of X , where ◦x refers to the standard part of a finite
hyperreal number x, which is a unique (standard) real number infinitesimally
close to x.
By mocking the above construction, one can reconstruct the symmetric
Cauchy completion of a partial metric space, originally constructed by Ge
and Lin [3]. Let X be a partial metric space. A point x ∈ ∗X is said to
be prenearstandard if for each ε ∈ R>0 there exists an xε ∈ X such that
∗pX (xε, x) < pX (xε, xε) + ε, i.e. x ∈
∗Bε (xε). Unlike the case of metric
spaces, we need the following stronger property. A point x ∈ ∗X is said to
be symmetrically prenearstandard if for each ε ∈ R>0 there exists an xε ∈ X
such that ∗pX (xε, x) < pX (xε, xε) + ε and
∗pX (x, xε) <
∗pX (x, x) + ε, i.e.
x ∈ ∗Bε (xε) and xε ∈
∗Bε (x). Denote the set of all symmetrically prenearstan-
dard points by spns (X). Two points x, y ∈ ∗X are said to be infinitesimally
close (and denoted by x ≈pX y) if
∗pX (x, x) ≈
∗pX (x, y) ≈
∗pX (y, y). Note
that if X is a metric space, symmetric prenearstandardness is equivalent to
prenearstandardness, and ≈pX coincides with ≈X .
Claim 4.1. ≈pX is an equivalence relation on
∗X .
Proof. The reflexivity and the symmetricity are trivial. Only the transitivity is
nontrivial. Let x, y, z ∈ ∗X and suppose that x ≈pX y ≈
p
X z. Then
∗pX (x, z) ≤
∗pX (x, y) +
∗pX (y, z)−
∗pX (y, y)
≈ ∗pX (y, y) +
∗pX (z, z)−
∗pX (y, y)
≈ ∗pX (z, z)
≤ ∗pX (x, z) .
Hence ∗pX (x, z) ≈
∗pX (z, z). Similarly
∗pX (x, z) ≈
∗pX (x, x). Therefore
x ≈pX y.
Consider the quotient set
X¯ := spns (X) / ≈pX
together with the partial metric
pX¯ ([x] , [y]) :=
◦
(∗pX (x, y)).
Let us show that
(
X¯, pX¯
)
is an asymmetric completion of (X, pX).
Claim 4.2. pX¯ is well-defined.
Proof. We must verify that ∗pX (x, y) is finite and invariant under infinitesimal
closeness.
Let x, y ∈ spns (X). Since x, y are prenearstandard, we can take x1, y1 ∈ X
such that ∗pX (x1, x) ≤ pX (x1, x1) + 1 and
∗pX (y1, y) ≤ pX (y1, y1) + 1. Then
∗pX (x, y) ≤
∗pX (x, x1) + pX (x1, y1) +
∗pX (y1, y)− pX (x1, x1)− pX (y1, y1)
≤ pX (x1, x1) + 1 + pX (x1, y1) + pX (y1, y1) + 1− pX (x1, x1)− pX (y1, y1)
= pX (x1, y1) + 2.
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Hence ∗pX (x, y) is finite.
Let x, y ∈ spns (X) and suppose that x ≈pX x
′ and y ≈pX y
′. Then
∗pX (x, y) ≤
∗pX (x, x
′) + ∗pX (x
′, y′) + ∗pX (y
′, y)− ∗pX (x
′, x′)− ∗pX (y
′, y′)
≈ ∗pX (x
′, x′) + ∗pX (x
′, y′) + ∗pX (y
′, y′)− ∗pX (x
′, x′)− ∗pX (y
′, y′)
= ∗pX (x
′, y′) ,
∗pX (x
′, y′) ≤ ∗pX (x
′, x) + ∗pX (x, y) +
∗pX (y, y
′)− ∗pX (x, x) −
∗pX (y, y)
≈ ∗pX (x, x) +
∗pX (x, y) +
∗pX (y, y)−
∗pX (x, x)−
∗pX (y, y)
= ∗pX (x, y) ,
so ∗pX (x, y) ≈
∗pX (x
′, y′).
Claim 4.3. pX¯ is a partial metric on X¯.
Proof. pX¯ inherits the partial metric property from pX by the transfer principle.
(P1)
pX¯ ([x] , [x]) = pX¯ ([x] , [y]) = pX¯ ([y] , [y]) =⇒
∗pX (x, x) ≈
∗pX (x, y) ≈
∗pX ([y] , [y]) .
=⇒ x ≈pX y
=⇒ [x] = [y] .
(P2)
pX¯ ([x] , [x]) =
◦
(∗pX (x, x))
≤
◦
(∗pX (x, y))
= pX¯ ([x] , [y]) .
(P3)
pX¯ ([x] , [y]) =
◦
(∗pX (x, y))
=
◦
(∗pX (y, x))
= pX¯ ([y] , [x]) .
(P4)
pX¯ ([x] , [z]) + pX¯ ([y] , [y]) =
◦
(∗pX (x, z)) +
◦
(∗pX (y, y))
= ◦(∗pX (x, z) +
∗pX (y, y))
≤
◦
(∗pX (x, y) +
∗pX (y, z))
= ◦(∗pX (x, y)) +
◦(∗pX (y, z))
= pX¯ ([x] , [y]) + pX¯ ([y] , [z]) .
Claim 4.4. The map i : X ∋ x 7→ [x] ∈ X¯ is an isometric embedding.
Proof. Immediately.
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Claim 4.5. i (X) is symmetrically dense in X¯ .
Proof. Let [x] ∈ X¯. Since x is symmetrically prenearstandard, we can find,
for each ε > 0, an xε ∈ X such that
∗pX (xε, x) <
∗pX (xε, xε) + ε/2 and
∗pX (x, xε) <
∗pX (x, x) + ε/2. Then
pX¯ ([xε] , [x]) =
◦
(∗pX (xε, x))
≤
◦
(∗pX (xε, xε) + ε/2)
<
◦
(∗pX (xε, xε)) + ε
= pX¯ ([xε] , [xε]) + ε,
so pX¯ ([xε] , [x]) < pX¯ ([xε] , [xε]) + ε. Similarly we have that pX¯ ([x] , [xε]) <
pX¯ ([x] , [x]) + ε. Hence i (X) is symmetrically dense in X¯.
Claim 4.6. X¯ is Cauchy complete.
Proof. According to [3, Lemma 4], we only need to show that every Cauchy
sequence in i (X) converges in X¯. Let { xn }n∈N be a Cauchy sequence in X .
Fix an infinite ω ∈ ∗N \ N. Let us verify that { [xn] }n∈N converges to [
∗xω ].
Let r = limn,m→∞ pX (xn, xm). Then for each ε > 0 there exists an Nε ∈ N
such that |pX (xn, xm)− r| ≤ ε. By the transfer principle, |
∗pX (
∗xn,
∗xω)− r| ≤
ε holds for all n ≥ Nε, where n can be nonstandard. Since
∗pX (xNε ,
∗xω) ≤
r + ε and r − ε ≤ pX (xNε , xNε), we have that
∗pX (xNε ,
∗xω) < r + 2ε ≤
pX (xNε , xNε) + ε. Similarly, since r − ε ≤
∗pX (
∗xω ,
∗xω), it follows that
∗pX (
∗xω , xNε) < r + 2ε ≤
∗pX (
∗xω,
∗xω) + ε. Hence
∗xω is symmetrically
prenearstandard, i.e. [∗xω ] ∈ X¯.
Since r − ε ≤ ∗pX (xn,
∗xω) , pX (xn, xm) ,
∗pX (
∗xω,
∗xω) ≤ r + ε for all
n,m ≥ Nε and ε ∈ R>0, it follows that limn→∞ pX¯ ([xn] , [
∗xω]) = limn,m→∞ pX¯ ([xn] , [xm]) =
pX¯ ([
∗xω] , [
∗xω]) = r. Therefore { [xn] }n∈N converges to [
∗xω].
Thus the proof is completed. Notice that Claim 4.5 depends on symmetric
prenearstandardness, while Claim 4.3 does not. Thus one can obtain another
partial metric space by replacing spns (X) with pns (X). The resulting space
may not have X as a symmetrically dense subspace.
Our nonstandard construction might be useful for integrating various com-
pletions of partial metric spaces. For example, 0-Cauchy completions developed
by Moshokoa [9] can be realised as subspaces of the above constructed comple-
tions:
X¯0 := { [x] | x ∈ X } ∪ { [x] | x ∈ spns (X) and
∗pX (x, x) ≈ 0 }
∼= X ∪ { x ∈ spns (X) | ∗pX (x, x) ≈ 0 } / ≈
p
X
is 0-Cauchy complete, and contains X as a symmetrically dense subspace.
Question 4.7. Can more various types of completions (such as asymmetric
completions) be constructed in a similar way?
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